Abstract. In this paper, we present a simple a posteriori error estimate for the weak Galerkin (WG) finite element method for a model second order elliptic equation. This residual type estimator can be applied to general meshes such as hybrid, polytopal and those with hanging nodes. We prove the reliability and efficiency of the estimator. Extensive numerical tests demonstrate the effectiveness and flexibility of the mesh refinement guided by this error estimator.
1. Introduction. Adaptive finite element methods [20] are widely used in modern computational science and engineering to obtain better accuracy with minimal effort. It can be achieved through adaptive mesh refinement that generates a mesh tailored in reducing computational errors at places of great need. Adaptive mesh refinement will be more local and effective for the finite element methods that allow general mesh [11, 13] . In recent years, many numerical schemes have been developed and analyzed on general polytopal mesh such as HDG method, mimetic finite difference method, virtual element method and hybrid high-order method [5, 6, 10, 22] .
A posteriori error analysis enables a measure of the reliability and efficiency of a particular numerical scheme employed for approximating the solution of partial differential equations [3, 1, 24] . This result is a computable estimator that is an indicator of where the error is potentially large and specific elements need to be refined. A posteriori error analysis has been studied excessively for finite element methods with discontinuous approximation and we list few recent development of residual based a posteriori error estimates for the second order elliptic problems [2, 4, 7, 15, 16, 21, 27] .
The weak Galerkin method is a natural extension of the standard Galerkin finite element method for discontinuous approximations. Its finite element formulation can be derived directly from the weak form of the corresponding partial differential equation where classical derivatives are substituted by weakly defined derivatives with a parameter-free stabilizer. Therefore, the weak Galerkin method has the flexibility of employing discontinuous elements and, at the same time, share the simple formulations of the continuous finite element methods. An important feature of the WG methods is allowing the use of general polytopal meshes [18, 19, 25, 26] . The importance of such feature in adaptive finite element methods is well stated in [11, 13] .
An a posteriori error estimator has been developed and analyzed for the WG method in [9] , in which only simplicial elements are considered. In this paper, we establish a new simple a posteriori error estimator for the weak Galerkin finite element approximation for use in the approximation of a second order elliptic equation. This error estimator has several unique features: 1) it can be applied on a general mesh such as polygonal/polyhedral mesh, hybrid mesh and mesh with hanging node. This feature is highly desirable in adaptive mesh refinement. 2) Our error estimator is simple containing only one term, a parameter free stabilizer, in addition to data oscillation. The common terms in error estimators such as area residual and flux jumps do not appear in our a posteriori estimator. Since the stabilizer has already been calculated in the process of obtaining the WG finite element approximation, there is no additional cost to compute the error estimator other than a high order data oscillation. 3) We obtain efficiency directly due to the simplicity of the error estimator. We prove the reliability of the a posteriori error estimator. Extensive numerical examples have been studied on different polygonal meshes to demonstrate the effectiveness and flexibility of the a posteriori error analysis.
For simplicity, we consider a simple model problem that seeks an unknown function u satisfying
where Ω is a polytopal domain in R d (polygonal or polyhedral domain for d = 2, 3).
Weak Galerkin Finite Element Schemes.
Let T h be a partition of the domain Ω consisting of polygons in two dimension or polyhedra in three dimension satisfying a set of conditions specified in [25] . Let T h be a partition of the domain Ω consisting of elements which are closed and simply connected polygons in two dimension or polyhedra in three dimension; see Fig. 2.1 . Let E h be the set of all edges or flat faces in T h , and E 0 h = E h \∂Ω be the set of all interior edges or flat faces. Denote by h T the diameter for every element T ∈ T h and h = max T ∈T h h T the mesh size for T h . We need some shape regularity assumptions for the partition T h described as below (cf. [25] ).
A1:
Assume that there exist two positive constants v and e such that for every element T ∈ T h we have
for all edges or flat faces of T . A2: Assume that there exists a positive constant κ such that for every element T ∈ T h we have
for all edges or flat faces e of T . A3: Assume that the mesh edges or faces are flat. We further assume that for every T ∈ T h , and for every edge/face e ∈ ∂T , there exists a pyramid P (e, T, A e ) contained in T such that its base is identical with e, its apex is A e ∈ T , and its height is proportional to h T with a proportionality constant σ e bounded away from a fixed positive number σ * from below. In other words, the height of the pyramid is given by σ e h T such that σ e ≥ σ * > 0. The pyramid is also assumed to stand up above the base e in the sense that the angle between the vector x e − A e , for any x e ∈ e, and the outward normal direction of e is strictly acute by falling into an interval [0, θ 0 ] with θ 0 < π 2 . A4: Assume that each T ∈ T h has a circumscribed simplex S(T ) that is shape regular and has a diameter h S(T ) proportional to the diameter of T ; i.e., h S(T ) ≤ γ * h T with a constant γ * independent of T . Furthermore, assume that each circumscribed simplex S(T ) interests with only a fixed and small number of such simplices for all other elements T ∈ T h . For a given integer k ≥ 1, let V h be the weak Galerkin finite element space associated with T h defined as follows
We would like to emphasize that any function v ∈ V h has a single value v b on each edge e ∈ E h .
For
Now we introduce some bilinear forms on V h as follows:
Weak Galerkin Algorithm 1. Find u h ∈ V 0 h satisfying the following equation:
The following theorem can be found in [17] .
Theorem 2.1. Let u h ∈ V h be the weak Galerkin finite element solution of the problem (1.1)-(1.2) arising from (2.4). Assume the exact solution u ∈ H k+1 (Ω), then, there exists a constant C such that
3. A posteriori error estimator for the WG method. For simplicity of notation, results shall be presented in two dimensions noting that the results can be extended to three dimensional space. First, define a differential operator for a scalar function v
Let f h be the L 2 projection of f to V h . Then we introduce a local estimator as follows
where osc(f, T ) is a high order local data oscillation if f is smooth enough defined by
Define a global error estimator and data oscillation as
Let T be an element with e as an edge. It is well known that there exists a constant C such that for any function g ∈ H 1 (T )
Lemma 3.1. On each element T ∈ T h , we have the following commutative property for φ ∈ H 1 (T ),
Proof. Using (2.3), the integration by parts and the definition of Q h , we have that for any τ
which implies (3.4). The proof of the identity (3.3) can be found in [17] .
We define H(div; Ω) as the set of vector-valued functions on Ω which, together with their divergence, are square integrable; i.e., h
h and the integration by parts,
We will bound the three terms on the right hand side of the equation above one by one. Using the Cauchy-Schwarz inequality, (3.7), the inverse inequality and the fact ∇ · ∇ × φ = 0, we arrive at
The Cauchy-Schwarz inequality, the trace inequality, the inverse inequality and (3.7) imply
Combining all the estimates above with (3.6), we have completed the proof. 
Proof. We shall apply Helmholtz decomposition first. It is well known [12] that for
It follows from (3.9) and (3.4),
Using (3.3) and (3.10), we have
It follows from (3.5),
Using (3.10), (3.11), (3.12) and (3.13), we have
Next we easily have
Thus we have proved the theorem. Define (3.14) |||v|||
Then we can obtain the following local lower bound automatically.
Lemma 3.4. The local estimator η T is defined in (3.1). Then
Proof. It follows from (3.1) and (3.14) that
We have completed the proof.
4. Numerical Example. In this section, we shall validate the proposed algorithm for several tests. First, we shall explore the convergence properties of errors measured in ||| · |||-norm (denoted by H 1 -error in tables and H 1 err in figures) and the estimator η. The effectivity of the estimator is defined as follows, The numerical approximation, on uniform rectangular meshes, starts on the initial mesh with N x = 4, and then performs on a sequence of uniform rectangular meshes. The error profiles and convergence history for weak Galerkin finite element with weak Galerkin element of degree p = 1, 2, 3 are reported in Table 4 .1. It is observed that the convergence rates for H 1 -error and η are at order O(h p ) and the effectivity becomes a constant with decreasing mesh size h = 1/N x . All of these observations confirm the previous theoretical conclusions.
Besides the uniform rectangular mesh, a numerical simulation has also been performed on polytopal meshes. A sequence of the polytopal meshes are generated by mesh generator POLYMESHER [23] . The first level and second level of meshes are shown as Figure 4 .1 (b) and (c) respectively. Table 4 .2 reports error profiles and convergence rate, which again confirms the theory.
The following adaptivity test shall use a typical adaptive algorithm: In our numerical experiments, the following adaptive steps shall be performed: A. We solve weak Galerkin numerical solution u T ) with parameter γ = 0.2 will be used in the mark procedure. All the numerical tests are perform on MATLAB and backslash (\) from MATLAB has been used for linear solver.
We follow the similar idea in the reference [8] to refine polygonal element. For a marked polygonal element T , the refinement is obtained by connecting the midpoint of each element face to its barycentre, which is shown in Figure 4 .2. By this refinement approach, hanging nodes maybe introduced on edges. It will be demonstrated that we can treat elements with hanging node as multi-edge polygons and then perform weak Galerkin finite element simulation. The flexibility of imposing arbitrary numbers of hanging node can avoid local post-processing (such as refinement of neighbor elements), and thus provide more flexibility for developing adaptive mesh generation methods.
Example 2.
Let Ω = (0, 1) 2 , and the exact solution is chosen as
This test contains an exponential peak located in the interior of the domain at (0.5, 0.5), shown in Figure 4.3(a) .
We start with initial mesh as shown in Figure 4 .3(b) for weak Galerkin approximation of weak Galerkin element of degree p = 1, 2, 3. The final refinements are plotted in Figure 4 .4 for different weak Galerkin finite elements and stopping criteria. It demonstrates that our a posteriori error estimator η can locate the position of the peak. The error profiles and convergence results are plotted in Figure 4 .5. It can be seen that the rate of convergence is of the theoretical optimal rate as Dofs −p/2 .
Example 3.
In this test, a adaptive refinement algorithms shall be performed for the problem with steep wave front. Let domain Ω = (0, 1) 2 and exact solution is as follows, u = arctan(α(r − r 0 )), with r = (x − x 0 ) 2 + (y − y 0 ) 2 and α = 1000, x 0 = −0.05, y 0 = −0.05, and r 0 = 0.7. In this test, the circular wave front is given by an arctangent. For the arctangent, there is a mild singularity at the center of the circle (−0.05, −0.05), which locates at the outside the domain. Thus, we can exam only investigate the performance on the wave front, shown as Figure 4 .6.
The weak Galerkin finite elements with p = 1, 2, 3 are performed on the polygonal mesh ( Figure 4.8 (a) ) and randomised quadrilateral mesh (Figure 4.8 (b) ). The error profiles and convergence results are plotted in Figure 4 .7. The theoretical optimal rates (Dofs −p/2 ) are achieved for all the tests on polygonal mesh and randomised quadrilateral mesh. Moreover, the final refined meshes are plotted in Figure 4 .8, which shows that the refinement guided by the proposed error estimator can capture the front wave along a quarter of the circle centered at x 0 = −0.05, y 0 = −0.05.
Example 4.
In this example, let Ω = (0, 1)
2 , and we shall test the Poisson problem with following exact solution:
where t is a parameter. It is known that the solution u ∈ H 1+t− (Ω) for > 0. First test is performed for t = 1/2 on the uniform refinement of rectangular mesh. Numerical results are reported in Table 4 .3. The solution for t = 1/2 is plotted in Figure 4 .9 (a). It can be observed that for polynomials with degree p = 1, 2, 3, the error is converging at order O(h 0.5 ) because of the singularity at origin. In order to solve this singular problem more efficiently, the adaptive strategy of proposed a posteriori error estimator is used to locate the singularity and refine the local mesh accordingly. Weak Galerkin finite element method shall be applied on the initial rectangular mesh for t = 0.5 and initial polygonal mesh for t = 0.1. corner, located at the origin. This problem has the solution u(x, y) = r 2/3 sin(2θ/3), (4.4) where (r, θ) are the usual polar coordinates.
For the numerical test, we start with initial polygonal mesh and rectangular mesh, and the final refined meshes for stopping criteria η < 1e − 3 with polynomial degree p = 1 are plotted in Figure 4 .13. It can be seen that the refinement is around the singularity (origin), and thus validate our conclusions. η < 1e − 2 is shown in Figure 4 .15, which shows that the proposed error estimator can capture the sharp interior layer. which exhibits low regularity at the reentrant corner, located at the origin along with a sharp Gaussian at the point (0.5, 0.5) (shown in Figure 4 .17) which initially is not resolved by the mesh. The same problem has been tested in reference [8] .
In the adaptivity refinement with polynomial degree p = 1, the first 20 refinement is to address the Gaussian peak centred at (0.5, 0.5) (shown as Figure 4.18 (a) ). Once the Gaussian peak is sufficiently resolved, the refinement will be around the singularity at the reentrant corner. The adaptive mesh with level 40 is shown in Figure 4 .18 (b).
